Triple Representation Theorem for orthocomplete 
homogeneous effect algebras 

Josef Niederle and Jan Paseka 

Abstract. The aim of our paper is twofold. First, wc thoroughly study the set of 
meager elements M(B), the set of sharp elements S(E) and the center C(E) in the 
setting of meager-orthocomplete homogeneous effect algebras E. Second, we prove 
the Triple Representation Theorem for sharply dominating meager-orthocomplete ho- 
mogeneous effect algebras, in particular orthocomplete homogeneous effect algebras. 



Introduction 

Two equivalent quantum structures, D-poscts and effect algebras were in- 
troduced in the nineties of the twentieth century. These were considered as 
"unsharp" generalizations of the structures which arise in quantum mechanics, 
in particular, of orthomodular lattices and MV-algebras. Effect algebras aim 
to describe "unsharp" event structures in quantum mechanics in the language 
of algebra. 

Effect algebras are fundamental in investigations of fuzzy probability theory 
too. In the fuzzy probability frame, the elements of an effect algebra represent 
fuzzy events which are used to construct fuzzy random variables. 

The aim of our paper is twofold. First, we thoroughly study the set of mea- 
ger elements M(E), the set of sharp elements S(E) and the center C(E) in the 
setting of meager-orthocomplete homogeneous effect algebras E. Second, in 
Section [4] we prove the Triple Representation Theorem, which was established 
by Jenca in [13] in the setting of complete lattice effect algebras, for sharply 
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dominating mcager-orthocomplete homogeneous effect algebras, in particular 
orthocomplete homogeneous effect algebras. 

As a by-product of our study we show that an effect algebra E is Archime- 
dean if and only if the corresponding generalized effect algebra M(E) is Archi- 
medean and that any homogeneous meager-orthocomplcte sharply dominating 
effect algebra E can be covered by Archimedean Heyting effect algebras which 
form blocks. 

1. Preliminaries and basic facts 

Effect algebras were introduced by Foulis and Bennett (see [6]) for modelling 
unsharp measurements in a Hilbert space. In this case the set £(H) of effects 
is the set of all self-adjoint operators A on a Hilbert space H between the null 
operator and the identity operator 1 and endowed with the partial operation 
+ defined iff A + B is in £(if), where + is the usual operator sum. 

In general form, an effect algebra is in fact a partial algebra with one partial 
binary operation and two unary operations satisfying the following axioms due 
to Foulis and Bennett. 

Definition 1.1. [20] A partial algebra (E;(B,0, 1) is called an effect algebra 
if 0, 1 are two distinct elements, called the zero and the unit clement, and ffi 
is a partially defined binary operation called the ortho summation on E which 
satisfy the following conditions for any x,y,z G E: 

(Ei) : x @y = y ffi x if x®y is defined, 

(Eii) : (x © y) © z = x © (y © z) if one side is defined, 

(Eiii) : for every x £ E there exists a unique y € E such that x © y = 1 

(we put x' = y), 
(Eiv) : if 1 © x is defined then x = 0. 

(E; ©, 0, 1) is called an orthoalgebra if x © x exists implies that x = (see 
0). 

We often denote the effect algebra (E; ffi, 0, 1) briefly by E. On every effect 
algebra E a partial order ^ and a partial binary operation © can be introduced 
as follows: 

x ^ y and y Q x = z iff a; ffi z is defined and x ffi z = y . 

If E with the defined partial order is a lattice (a complete lattice) then 
(E; ffi,0, 1) is called a lattice effect algebra (a complete lattice effect algebra). 

Mappings from one effect algebra to another one that preserve units and 
orthosums arc called morphisms of effect algebras, and bijective morphisms of 
effect algebras having inverses that are morphisms of effect algebras are called 
isomorphisms of effect algebras. 

Definition 1.2. Let E be an effect algebra. Then Q C E is called a sub-effect 
algebra of E if 

(i) leQ 
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(ii) if out of elements x,y,z <E E with x ffi y = z two are in Q, then 
x,y,z e Q. 

If E is a lattice effect algebra and Q is a sub-lattice and a sub-effect algebra 
of E, then Q is called a sub-lattice effect algebra of _E. 

Note that a sub-effect algebra Q (sub-lattice effect algebra Q) of an effect 
algebra E (of a lattice effect algebra E) with inherited operation ffi is an effect 
algebra (lattice effect algebra) in its own right. 

Definition 1.3. (1): A generalized effect algebra (E; ffi, 0) is a set E with 
element f! E and partial binary operation ffi satisfying, for any x,y,z G E, 
conditions 

(GEI) xffiy = yffixif one side is defined, 

(GE2) (x ffi y) ffi z = x ffi (y ffi z) if one side is defined, 

(GE3) ifxffiy = xffiz then y = z, 

(GE4) if x ffi y = then a; = y = 0, 

(GE5) x ffi = x for all x E E. 

(2) : A binary relation $J (being a partial order) and a partial binary 
operation © on E can be defined by: 

x ^ y and y Q x = z iff x ffi z is defined and x ffi z = y . 

(3) : A nonempty subset Q G E is called a sub-generalized effect algebra 
of if out of elements x,y, z G E with x ffi y = z at least two are in 
Q then x,y,z £ Q. Then Q is a generalized effect algebra in its own 
right. 

For an element x of a generalized effect algebra E we write ord(x) = oo if 
nx — x ffi x ffi • ■ ■ ffi x (n-times) exists for every positive integer n and we write 
ord(x) = n x if n x is the greatest positive integer such that n x x exists in E. A 
generalized effect algebra E is Archimedean if ord(x) < oo for all x e E. 

Every effect algebra is a generalized effect algebra. 

Definition 1.4. We say that a finite system F = (xfc)JJ =1 of not necessarily 
different elements of a generalized effect algebra E is orthogonal if x\ ffi X2 ffi 

n 

• • - ffix„ (written ijt or F) exists in E. Here we define x\ ffiX2ffi- • -ffix„ = 
fc=i 

ri — l n— 1 

(xi ffi X2 ffi ■ • • ffi x„_i) ffi x„ supposing that Xk is defined and ( Xk) ffi x n 

k=l k=l 

exists. We also define 00 = 0. An arbitrary system G = (x k ) k< zh of not 
necessarily different elements of E is called orthogonal if K exists for every 
finite K C G. We say that for a orthogonal system G = (x K ) Ke ^ the element 
G exists iff V {© K \ K C G is finite} exists in E and then we put G = 
V{© K | A'CG is finite}. We say that G is the orthogonal sum of G and 
G is orthosummable. (Here we write G\ C G iff there is H\ C H such that 
Gi = (x K ) KeHl ). We denote G® := {0A" \ K CG is finite}. G is called 
bounded if there is an upper bound of G® . 
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Note that, in any effect algebra E, the following infinite distributive law 
holds (see Proposition 1.8.7]): 



provided that \/ a c a and (\J a c a ) ffi b exist. We then have the following propo- 
sition. 

Proposition 1.5. Let E be a generalized effect algebra, G\ = (x K ) K £Hi and 
G 2 = (xk)k£H 2 be orthosummable orthogonal systems in E such that H\C\H 2 = 
and © Gi ffi©G 2 exists. Then G = (x k ) k< zh 1 uh 2 * s an orthosummable 
orthogonal system and © G = © G\ ffi © G2 ■ 

Proof. For any finite iVi C Hi and any finite JV 2 C H 2 , we have that the 
orthosum © reeAri x K ffi © Ke jv 2 Xk — ©^l © ©^2 exists. Hence G is an 
orthogonal system. 

Evidently, © Gi © © G 2 > © F for any finite system F = (x K ) KeH , H C 
i?i U H 2 finite. Therefore, © Gi © ©G 2 is an upper bound of G e . Let 
z G £/ be any upper bound of G® . Then, for any finite JVi C H\ and any finite 
N 2 C iJ 2 , we have that z > © KgAri a; K ©© Ke Ar 2 Therefore zQQ) KeNi x K > 
© k£ at x k an d z © reeA r x K is an upper bound of G®. This yields that, for 
any finite JVi C H u 2 9©^, x K > ©G 2 , i.e., z © ©G 2 > © KeAri x« . 
Hence 2 © © G 2 is an upper bound of Gf. Summing up, z > © Gi © © G 2 
and this gives that G is orthosummable and ©G = ©Giffi©G 2 . □ 

Definition 1.6. A generalized effect algebra E is called orthocomplete if every 
bounded orthogonal system is orthosummable. 

Observation 1.7. Let E be an orthocomplete generalized effect algebra, 
x,y G E such that ny < x for every positive integer n. Then y = . 

Proof. Let G = (,9n)^i, 9n = y for every positive integer n. Then, for all 
K C G finite, we have ©if < x, hence G is bounded and ©G exists. In 
virtue of (IDL), © G = 9l ©©(<?„ ) r f =2 = ffi ffi© G. Therefore = gi = y. □ 

Let us remark a well known fact that every orthocomplete effect algebra is 
Archimedean. 

Definition 1.8. An element x of an effect algebra E is called 

(i) sharp if x A x' = 0. The set S(E) = {x G E \ x A x' = 0} is called a 
set of all sharp elements of E (see [10]). 

(ii) principal, if j/ ffi z < x for every y, z E E such that y,z < x and y ffi z 
exists. 

(iii) central, if a; and 2/ are principal and, for every y € E there are 2/1,2/2 G 
-E such that yi < x,y 2 < x', and y = yi (B y 2 (see [9]). The center 
C(E) of is the set of all central elements of E. 




(IDL) 
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If x G E is a principal element, then x is sharp and the interval [0,x] is an 
effect algebra with the greatest element x and the partial operation given by 
restriction of © to [0,x]. 

Statement 1.9. [H Theorem 5.4] The center C(E) of an effect algebra E is a 
sub-effect algebra of E and forms a Boolean algebra. For every central element 
x of E, y = (y A x) © (y A x') for all y E E. If x, y G C(£') are orthogonal, we 
have x V y — x © y and xAy = 0. 

Statement 1.10. [TU Lemma 3.1.] Let E be an effect algebra, x,y G E and 
c,d G C{E). Then: 

(i) If x © y exists then c A (x © y) = (c A x) © (c A y). 

(ii) If c © d exists then x A (c © d) = (a; A c) © (x A d). 

Definition 1.11. A subset M of a generalized effect algebra E is called in- 
ternally compatible {compatible) if for every finite subset Mp of M there is 
a finite orthogonal family (xi, . . . ,x n ) of elements from M (E) such that for 
every m G Mp there is a set Ap C {1, . . . , n} with m = © i6j 4 F Xi. If {x, y} is 
a compatible set, we write x <-> y (see p~3| IT6]). 

Evidently, x y iff there are p,q,r G S such that x=p(Bq, y = q(Br 
and p © g © r exists iff there are c,d <G E such that d<x<c, d<y<c and 
c © x = y © d. Moreover, if x A y exists then x O y iff x © (y © (x A y)) exists. 

2. Orthocomplete homogeneous effect algebras 

Definition 2.1. An effect algebra E satisfies the Riesz decomposition property 
(or RDP) if, for all u,v\,V2 £ E such that u < V\ © V2, there are u\, U2 such 
that u\ < v\ , U2 < f 2 and it = wi © «2 . 

A lattice effect algebra in which RDP holds is called an MV-effect algebra. 
An effect algebra E is called homogeneous if, for all u,Vi,V2 G E such that 
u < vi © V2 < u', there are u\, U2 such that u% < «i, it2 < «2 and it = iti © 112 
(see [12]). 

Lemma 2.2. Lei E be a homogeneous effect algebra and let u,vi,v% EE such 
that u < v\ © i>2 < it' and V\ G S(_B). Then u < V2 and u A V\ =0. 

Proof. Since E is homogeneous , there are Mi,it2 such that iti < v\ < u', 
U2 < V2 and u = ui©U2. Let w £ E such that w < u, v\. Then w < ui Av[ = 0. 
Therefore also u\ < u A v\ — 0, i.e. it = it 2 < f2- □ 

Statement 2.3. 12 Proposition 2] 

(i) Every orthoalgebra is homogeneous. 

(ii) Every lattice effect algebra is homogeneous. 

(iii) An effect algebra E has the Riesz decomposition property if and only 
if E is homogeneous and compatible. 

Let E be a homogeneous effect algebra. 
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(iv) A subset B of E is a maximal sub-effect algebra of E with the Riesz 
decomposition property (such B is called a block of E) if and only if 
B is a maximal internally compatible subset of E containing 1. 

(v) Every finite compatible subset of E is a subset of some block. This 
implies that every homogeneous effect algebra is a union of its blocks. 

(vi) S(E) is a sub-effect algebra of E. 

(vii) For every block B, C(B) = S{E) n B. 

(viii) Let x G B, where B is a block of E. Then {y G E | y < x and y < 
x'} C B. 

Hence the class of homogeneous effect algebras includes orthoalgcbras, ef- 
fect algebras satisfying the Riesz decomposition property and lattice effect 
algebras. 

An important class of effect algebras was introduced by Gudder in [TU] and 
[TT] . Fundamental example is the standard Hilbert spaces effect algebra £(H). 
For an element x of an effect algebra E we denote 

x = V E {s G S(E) s < x} if it exists and belongs to S(E) 

x = f\ E {s G S(E) | s > x} if it exists and belongs to S(E). 

Definition 2.4. ([10], [TT].) An effect algebra (E, ©,0, 1) is called sharply 
dominating if for every x £ E there exists x, the smallest sharp element such 
that x < x. That is x G S(E) and if y G S(E') satisfies x < y then x < y. 

Recall that evidently an effect algebra E is sharply dominating iff for every 
x G E there exists x G S(i?) such that x < x and if u G S(i?) satisfies u < x 
then it < x iff for every x £ E there exist a smallest sharp element x over x 
and a greatest sharp element x below x. 

In what follows set (see [T3] [21] ) 

M(.E) = {x G E | if v E S(E) satisfies v < x then v = 0}. 

An clement x G M(E) is called meager. Moreover, x G M(£') iff a; = 0. 
Recall that x G M(E), y G E,y<x implies y G M(i?) and x Q y G M(E'). 

Definition 2.5. Let be an effect algebra and let 

HM(£) = {x G E | there is y e E such that x < y and a; < y'}. 
An element a; G HM(£) is called hypermeager. 

Every hypermeager element is meager. Since both M(E) and HM(_E) are 
downsets of E they form together with the corresponding restriction of the 
operation © a generalized effect algebra. 

Lemma 2.6. (1) Let ord(y) = oo in E. {ky \ k G N} C HM(£;). 
(2)Let ord(y) = n y ^ oo m E. {ky \ k G N, fc < ^} C HM(£). 



Proof. In cither case, (2k)y exists in i?. Therefore /cy < (A:y)' and consequently 
ky G HM(£). □ 
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Proposition 2.7. Let E be an effect algebra. The following conditions are 
equivalent. 

(i) E is Archimedean; 

(ii) M(-E) is Archimedean; 

(iii) HM(E') is Archimedean. 

Proof, (i) (ii) If E is Archimedean, M(E) is Archimedean a fortiori. 

(ii) => (iii) If M(.E) is Archimedean, HM(£?) is Archimedean a fortiori. 

(iii) => (i) Let HM(£') be Archimedean. Suppose ord(y) = oo in E where 
y ^ 0. By Lemma [276l {ky \ k G N} C BM(E), which contradicts the 
assumption. □ 

Statement 2.8. [17l Lemma 2.4] Let -E be an effect algebra in which S(E) is 
a sub-effect algebra of E and let x G M(E) such that x exists. Then 

(i) xQx £ M(E). 

(ii) If y G M(.E') such that x ® y exists and a; © y = 2 G S(E) then 
ir = z. 

Statement 2.9. jTTJ Lemma 2.5] Let E be an effect algebra in which S(E) is 
a sub-effect algebra of E and let x G -E such that x exists. Then x Ox E M(E) 
and x = x@{x x) is the unique decomposition x = xs®Xm, where xs G S(E) 
and im G M(E). Moreover, xs A xa/ = and if E is a lattice effect algebra 
then x = xs V xm ■ 

As proved in pQ, S(-E) is always a sub-effect algebra in a sharply dominating 
effect algebra E. 

Corollary 2.10. 13; Proposition 15] Let E be a sharply dominating effect 
algebra. Then every x G E has a unique decomposition x — xs © xm , where 
xs G S(-E') and xm G M(E), namely x = x © (x © x). 

Statement 2.11. [T3l Corollary 14] Let E be an orthocomplete homogeneous 
effect algebra. Then E is sharply dominating. 

Proposition 2.12. Let E be a homogeneous effect algebra and v G E. The 
following conditions are equivalent. 

(i) v G S(E); 

(ii) y < z whenever w,y, z G E such that v — w © z, y < w' and y < w. 

(iii) [0, w] l~l [0, w'] = [0, w] n [0, w © iy] whenever w £ E and w < v. 

Proof, (i) (ii): Evidently, there is a block, say £?, such that it contains 

the following orthogonal system {y, wQy,z,lQ v}. Hence B contains also w, 
w' and v G C(B). Since 1 = w © w' we obtain by Statement 11.101 (ii) that 
v = v Ab w © v Ab w' = w © v Ab w'. Subtracting w we obtain z = v Ab w'. 
Hence y < w < v and y < w' yields that y < z. 

(ii) => (iii): Clearly, [0,w] D [0,vGw] C [0,w] D [0,w'}. The other inclusion 
is a direct reformulation of (ii). 
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(iii) => (i) Let y G [0,v] H [0,v']. Then from (iii) we have that y G [Q,v] ("1 
[0,»9d] = {0}. Immediately, y = and u is sharp. □ 



Corollary 2.13. [181 Lemma 2.12] Lef E be a homogeneous effect algebra, 
and y G E and w G S(E) for which y < w and ky exists. It holds ky < w. 

Corollary 2.14. Let E be a homogeneous effect algebra and let x,y G E such 
that x exists, y < (x Q x)' and y < x x. Then y < x. 

Proof. It is enough to put in Proposition ^. 12"h ; = x,w = xQx and z = x. □ 

Statement 2.15. jTSJ Lemma 1.16.] Let E be a sharply dominating effect 
algebra and let x £ E, Then 

xQx = xQx = xQx. 

Lemma 2.16. Let E be an effect algebra and let x G E. Then 

(i) If x exists then (x') exists and 

x e x = x' e (x)' = x' e (a/). 

(ii) // x exists then (x 1 ) exists and 

xQx= (x)' Qx' = {x') G x' . 
Proof. Transparent. □ 

Lemma 2.17. Let E be an effect algebra and let x,y G E. 

(i) // x exists then 

y < x x if and only if y < x' and x © y = x. 

(ii) // x exists then 

y < x G x if and only if y < x and x Q y = x. 
Proof. Transparent. □ 

Lemma 2.18. Let E be a homogeneous effect algebra and let x G E. 

(i) // x exists then 

[o, x] n [o, x'} = [o,i9i]n [o, x'} = [o, x q x] n [o, (x e x)']. 

(ii) // x exists then 

[o, x] n [o, x'} = [o, x] n[o,iei] = [o, (x e x)'] n [o, x e x}. 

(hi) // both x and x exist then 

[o, x] n [o, x'] = [o, x e x] n [o, xqx}. 
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Proof, (i): Clearly, [0, x] n [0, x'] D [0, x 9 x] n [0, x'] and [0, i9i]n [0, a;'] C 
[0,x9x] n [0, x' 9x] = [0, x9x] n [0, (iGi)']. Assume that y G [0,x] n [0,x']. 
Then by Proposition ^. 12l applied to x' and x' we obtain that y < x'Qx' = x9x. 
Hence [0, x] n [0, x'} = [0, x 9 5] n [0, x']. 

Now, assume that z € [0,x9x]n[0, (x9x)']. Then z < (i9i)' = x'9x < 2'. 
Therefore z = zi © z%, z\ < x' and z 2 < x < z' < Zj. Hence Z2 < x A x' = 0. 
This yields that z = z x < x', i.e. [0, x 9 x] H [0, x'] = [0, x 9 x] n [0, (x 9 x)']. 

(ii) : It follows by interchanging x and x'. 
(hi): We have 

[0,x] n [0,x'] = [0,x9x] n [0,(x9x)'] n [0,(x9x)'] n [0,x9x]. 
Since x 9 x < (x 9 x)' and x 9 x < (x 9 x)' we are finished. □ 

Lemma 2.19. Let E be a homogeneous effect algebra and let x,x±, . . . ,x n G E 
be such that ©" =1 x% < x, x exists and, for all i = l,...,n, x < x\. Then 

©,=i x i < x 9 x and therefore x = x 9 (B™ =1 

Proof. For n = 0, the statement trivially holds. Assume that the statement 
is satisfied for some n. Then ©"J^ xi < x = x 9 (x 9 x) and, for all i = 
1, . . . , n+1, x; < x' yield that ©™ =1 x$ < x9x, and clearly x n +i < £9©" =1 X,. 
Since also X„+i < x' < (x9©" =1 Xj)', further x n+ i < x©((x9x)9©" =1 Xi) < 
x' n+1 . By Lemma [2.21 we obtain x n +i < (x 9 x) 9 ©™ =1 This yields that 

^Bi— 1 %i — % 9 x. n 

3. Blocks and orthogonal sums of hypermeager elements in meager- 
orthocomplete effect algebras 

Definition 3.1. An effect algebra E is meager- orthocomplete if M(E) is an 
orthocomplete generalized effect algebra. For a bounded orthogonal family 
(vi)i£i in M(E) we shall denote by ©^j 5 '' Vi the orthogonal sum of 
calculated in M(E). 

Observation 3.2. Every orthocomplete effect algebra is meager-orthocomplctcj 

and sharply dominating. 

Proposition 3.3. Let E be a homogeneous meager- orthocomplete effect al- 
gebra. Let (vi)i£i be an orthogonal family such that v = ©*fj Vi exists, 
v G M(.E) and u G E be such that u < v < u' . Then there is an orthogonal 
family (ui)i£i such that u = ©J£j Uj exists and Ui < Vi for all i G I. 

Proof. Let us put X = {(x,i) € E x I \ i € I,x < Vi,x < u}. We say that a 
subset ycXis u-good if 

(i) For all f,g eY, tt 2 (/) = ir 2 (g) implies / = g. 

(n) ©S^i(y)<^ 

(iii) « e ©^ My) < v 9 ©^ v Mv y 
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Let us denote u — X the system of all u-good subsets of X ordered by 
inclusion. Then £ u — X and the union of any chain in u — X is again in 
u — X in virtue of (IDL). Hence by Zorn's lemma there is a maximal element, 
say Z, in u — X. 

Let us show that ir 2 (Z) = /. Assume the contrary. Then there is j £ / 
such that j ir 2 (Z). Then 

u © 0S } My) < v e ©S 5 v W2iy) = Vj © ((« e ©^ ^ 2(y) ) e 

<«'<(«e©S^i(y))'. 

Since E is homogeneous we get that u © ©^g^ 7Ti (y) = Uj © x such that 
Mj < Vj and as < (w G ©^Jf ) ^(y)) © Hence (u © ©^ e ( f ) 7Ti(y)) © Uj- = 
x < (w © ©^g2 v 7T2(y)) Q u i- This yields that the set Z U {(uj,j)} is -u-good, 
a contradiction with the maximality of Z. 

Therefore ir 2 (Z) = I. But this yields u©©^ ( f ) 7Ti(y) < u©©^ = 
0. Let us put ?v 2 (y) = 7Ti(y) for all y £ Z. Hence u © ©^j = 0, i.e., 

« = ©£*>«,. □ 

Proposition 3.4. Let E be a homogeneous meager- orthocomplete sharply 
dominating effect algebra. Let v%,v 2 £ -E smc/i i/iai v\ < v 2 - Let (uj)jej 
foe an orthogonal family such that u = ©^f j itj € M(-B) exists, u < v\ (B v 2 
and, for all i £ I , V\ @ v 2 < u^. Then there are orthogonal families (vj)i^i 
and (vf)i € i such that w\ = ©^/ B ' 1 vj < v\ exists, w 2 = ©*f 7 vf < v 2 exists, 
u = ui\ © w 2 and, for all i £ I, vj © vf = Ui, v\ < vj' and v 2 < vf . 

Proof. Let us put X\ t % = {(xi,x 2 ,i) £E 2 xI\i£l,x 1 < v\,x 2 < v 2 }. We 
say that a subset Y C X\ >2 is u\^ 2 -good if 

(i) For all f,g £ Y, tt 3 (/) = w 3 (g) implies / = g, 

(ii) 7Ti(y) © TT 2 (y) = u^ y) for all y £ Y, 

(hi) @%?*i(v)<vi, 
(iv) ©^^(y)^. 

Let us denote u — X\ t2 the system of all ui^-good subsets of Xi :2 ordered 
by inclusion. Then £ u — X\ >2 , and the union Y = [J{Y a ,a £ A} of a chain of 
ui,2-good sets Kq,, a € A in u— A12 is again in w — A1.2. Namely, the conditions 
(i) and (ii) are obviously satisfied. Let us check the condition (iii). Let FCF 
be a finite subset of Y. Then there is oq G A such that F C Y aa . Hence 
® yeF Mv) = MV) <vi<v 1 ®v 2 < u' My) < Ki(y)' for all y e F. 

By Lemma l2T9l wc get that Q) yeF iri(y) < v 1 Qv 1 £ M(E). Since M(E) is an 
orthocomplete generalized effect algebra we have that ©^gy ni(v) exists in 
M(E) and therefore ©^ ) tti (y) < V\ © Vx < v\. The condition (iv) follows 
by similar considerations. 

By Zorn's lemma there is a maximal element, say Z, in u — X\_ 2 . 



Triple Representation Theorem 



11 



Let us show that 7r 3 (Z) = /. Assume the contrary. Then there is j £ / 
such that j tt^,{Z). Therefore by a successive application of Proposition [T3] 

= eJgWv) © My)) © ®^Z 3(Z) 

= ©^ Mv) © ©S 5 7r a (y) © ©^(z) «* < «i © -2. 
The last inequality yields 

M(_E) M(-E) 

uj < (ui e 7ri(y)) © (« 2 e My)) < «i © « 2 < uj. 

s/ez y ez 
Since £ is homogeneous we get that there are vj,Vj £ E such that vj(BVj = Uj, 

v) <v lQ ©Jg> Mv), ^ < ^ © ©S' My)- 

This yields that the set ZU {(vj,Vj, j)} is ui l2 -good, a contradiction with 
the maximality of Z . 

Therefore tt^Z) = I. For any i £ I there is a unique yi £ Z such that 
7r 3(?/i) = * and, conversely, for any y £ Z there is a unique i. y £ / such that 

Mv) = V Lct us P ut v i = ^(y*)) u i = i"2(yi)) ™i = ©^Jz' 7 ^^) and 
w 2 = ©^g^ ^(z/)- Since Z is ui 2-good we have that u>i < «i, w 2 < « 2 and 

Moreover, for all i £ /, Vi < v\ ® v 2 < u[ < v] and v 2 < Ui © u 2 < < 

□ 

Corollary 3.5. Le£ E be a homogeneous meager- orthocomplete sharply domi- 
nating effect algebra. Let v±, . . . ,i>k £ E be an orthogonal family. Let {ufji^j be 
an orthogonal family such that u = ©*^/^ Ui € M(£7) exists, u < V\ © • • • © Vk 
and, for all i £ I , i>i©- ■ -ffiw/c < u' { . Then there are orthogonal families {v\)i^i , 
... , (v$)i£i such that wi = ©^j v\ < V\ exists, . . . , w k = ©^/ v\ < v 2 
exists, w\ < Vi, u>k < Vk, u = w± © • • ■ © Wk and, for all i £ L, 

v] © ■ ■ • © = Ui, Vi < v\' , v k < v\' . 

Proof. Straightforward induction with respect to k. □ 

Corollary 3.6. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra. Let v,u £ M(_E), v < u. Let (Ui)jgj be an orthog- 
onal family such that u = ©Jf j Ui £ M(E) exists and, for all i £ L , 
v © (u © v) — u < u' { . Then there are orthogonal families (vj)i£i, (vj)i^i 
such that v = ©fg'/^ vj exists, u v = ©*^/^ vj exists and, for all i £ L , 
v} © vj = m, v < vj' and uQv< v\' ' . 

Proof. From Proposition ^. 4l wc know that there are orthogonal families (v\)i^i 
and (vf such that wi = ©^j v\ < v exists, w 2 = ©^/ B ' vf < u © v 
exists, u = Wi © W2 and, for all i £ L, v] © vj = m, v < v}' and u © v < vj' . 
We have u = v © (u © v) = Wt © (v © Wt) © w 2 © ((u © v) © w 2 ) = u © (v © 
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Wi) © ((it v) w%). Therefore = v u>i = (u v) w 2 . This yields v = u>i 
and u Q v = W2- □ 

Let E be an meager-orthocomplete effect algebra. Let u G E. We put 
d{u) = {w EE\w = v or w~uQv, (ui)i^i is an orthogonal family such 
that v = iH G M(£') exists, v < u and, for all i £ I, u < u[}. Clearly, 

{0, u} C Recall that, for sharply dominating and homogeneous E and 

any element v G of the above form j u 2 ;, we have by Corollary 13.61 
[0, v] U[»9»,m] C d(u). Note also that, for u G S(-E), we obtain that = 
{0,u}. Therefore, we have a map Q : 2 E ^ 2 E dchned by Q(A) = \J{tf{u) 
u G A} for all AC E. The above considerations yield that iU{0}C 0(A). 

As in [T3l Theorem 8], for any set A C E, a(A) is the smallest superset of 
A closed with respect to 0. Clearly, <j(A) = |J^Lo^»> wnere A n are subsets 
of E given by the rules Ao = A, A n+ i = Q(A n ). 

Lemma 3.7. Let E be a homogeneous meager-orthocomplete effect algebra. 
Let A G E be an internally compatible subset of E. Then o~(A) is internally 
compatible. 

Proof. The proof goes literally the same way as in [T3l Theorem 8] . Hence we 
omit it. □ 

Corollary 3.8. Let E be a homogeneous meager-orthocomplete sharply dom- 
inating effect algebra. For every block B of E, a(B) = <d(B) = B. 

Proposition 3.9. Let E be a homogeneous meager-orthocomplete effect alge- 
bra, let x G yi(E). Let {xiji^i be a maximal orthogonal family such that, for 
all i <E I , Xi < x' and, for all F C I finite, Q) i€F Xi < x. Then x = Xi. 

Proof. Since M(E) is an orthocomplctc generalized effect algebra we have that 
©i^/ B ' > %i exists. As in [T5] Theorem 13] we will prove that x %i G 

S(E). Let r G E be such that 

M(E) M(E) 

r < x Xi, [x Xi) . 

iel i£l 

We get that 

M(E) M(E) 

r < (x Xi)' = x Xl < r. 
iei iei 

Therefore there are r\,r 2 G E such that r — n © fi, T\ < x' , r 2 < ^i- 
We have also that r*i © Xi < a;, i.e. r*i = and r2 = r by maximality 

of (xi)i£i. Then r < ©]tj £j < r' . Proposition 13.31 yields that there is an 
orthogonal family (uj)igj such that r = exists and iti < for all 

i £ I. Hence, for all j G /, 

M(E) M(E) 

Uj < r < x © Xi, i.e., Uj © Xi < a; and Uj < Xj < a;'. 
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Thus again by maximality of (xj)j e j we get that Uj = 0. It follows that r = 
and x ®f e ( j B) x t £ S(£) n M(E) = {0}, i.e. x = ©^ ( / } Xl . □ 



Proposition 3.10. Let E be a homogeneous meager- orthocomplete sharply 
dominating effect algebra and let x £ E. Let (xj)jg/ be a maximal orthogonal 
family such that, for all i £ I , x, < x' and, for all F C L finite, Q) ieF X, < x. 
Then x = x j ^i- Moreover, for every block B of E, x £ B implies 
that [x, x] C _B and [x,x] C £?. 

Proof. Note first that by Lemma [2.181 and Lemma T2. 191 (xj)j £ j is a maximal 
orthogonal family such that, for all i £ L, Xi < (x x)' and, for all F C / 
finite, © ieF Xi < x x. From Proposition 13.91 we get that ©^/^ Xj exists 
and ©^:/ B ^ x 2 ; = x x. Let B be a block of E, x £ B. Since x^ G 

r?(x) C 5 we get by Corollary GLl that [0,x x] C B. Therefore x £ B and 
[x, x] = x [0, x x] C B. Following the same reasonings for x' we get that 
[x',x'} C i?. Hence also [x,x] = [x,x' ] CB, □ 

Corollary 3.11. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra, let x £ M(_E). Then, for every block B of E, x £ B 
implies that [0,x] C B and, moreover, M(B) C M(_E). 



Proof. Since x £ M(E) we get by Corollary 13.61 and Proposition 13.91 that 

[0,x] C §(x) C B. 

Now, let y e M(B) £ B, z £ S(E), z < y. Then z < y £ B and y £ S(B). 
Hence y = 0. This yields 2 = 0. □ 

As in [13l Proposition 16] we have that 

Proposition 3.12. Let E be a homogeneous meager- orthocomplete sharply 
dominating effect algebra, let x £ M.(E). Then [0,x] is a complete MV- effect 



Proof. Let B be a block containing x. Since [0,x] C B by Corollary 13. Ill and 
[0, x] is an orthocomplete effect algebra we obtain that [0, x] is an orthocom- 
plete effect algebra satisfying the Riesz decomposition property. From [14j 
Theorem 4.10] we get that [0,x] is a lattice and hence a complete MV-effect 
algebra. □ 

Recall that Proposition 13.121 immediately yields (using the same consid- 
erations as in [T5J Proposition 19]) that an orthocomplete generalized effect 
algebra of meager elements of a sharply dominating homogeneous effect al- 
gebra is a commutative BCK-algcbra with the relative cancellation property 
Hence, by the result of J. Clrulis (see [4]) it is the dual of a weak implication 
algebra introduced in [2]. 



Proposition 3.13. Let E be a meager- orthocomplete effect algebra, and let 
y, z £ M(E). Every lower bound of y, z is below a maximal one. 
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Proof. Let it; be a lower bound of y, z. There exists a maximal orthogonal 
multiset A containing w in which occurs uniquely and for which y, z are 
upper bounds of ^4® . Indeed, the multiset union of any maximal chain of such 
multisets is again such multiset. 

Since M(£') is orthocomplcte any non-zero element of A has finite multi- 
plicity. Again by orthocomplctcncss, there exists a smallest upper bound u of 
A® below y, z and hence a lower bound of y, z above w. Let v be an arbitrary 
lower bound of y, z above u. If u < v, the multiset sum A W {v © u} is an 
orthogonal multiset satisfying all requirements which is properly larger than 
A. Hence u = v is a maximal lower bound of y, z over w. □ 

The proof of the following Proposition follows the proof from (131 Proposi- 
tion 17]. 

Proposition 3.14. Let E be a homogeneous meager- orthocomplete sharply 
dominating effect algebra. Then M(-E') is a meet semilattice. 

Proof. Let x, y £ M(E). From Proposition 13 . 1 31 every lower bound of x, y is 
under a maximal lower bound of x, y. Let u, v be maximal lower bounds of x, y. 
By Proposition ^. 121 [0, x] and [0,y] are complete MV-effect algebras. Denote 
by z = u Ams-i v £ [0,y]. Then z < u Am^i v. By a symmetric argument we 
get that u Aro,s/l v ^ z i i- e - z = u ^[o,y] v - We may assume that z = otherwise 
we could shift x,y,u,v, z by z. Since u <^\o tX ] v an d u **[o,y] v we S e ^ that 
u © v < x exists and u®v = u Vm^i v = u Vm^i v < x, y, u < u © v, v < u © v. 
Therefore u = v = 0, i.e., any two maximal lower bounds of x, y coincide. □ 

In what follows we will extend and modify JT3l Lemma 20, Proposition 21] 
for an orthocomplete homogeneous effect algebra E. 

Proposition 3.15. Let E be a homogeneous meager- orthocomplete sharply 
dominating effect algebra and let x, y € E are in the same block B of E such 
that x Ab y = 0. Then x A y = 0. 

Proof. Note that x,x © x,y,y Qy £ B. Let us first check that x Ab y — 0. By 
Proposition 13. 101 applied to the element x x we have from Lemma \2. 181 that 
there is an orthogonal family (xj)j^j such that, for all j E J, Xj < x,Xj € 
Bn[0,i9i] and 0^1 ( ,f ) xj =xQx £ M(E). Let w £ B, w < x and w < y. 
Since w < x © (x x) we can find by the Riesz decomposition property of 
B elements w\ 1 u>2 £ B such that w = w\ © W2, W\ < x and u>2 < x x. 
Therefore u>i < x A y = implies w = w% <xQx. Hence by Corollary 13.61 we 
obtain that there exists an orthogonal family (uj)j^j such that j Uj = w 
and Uj < Xj for all j £ J. This yields that Uj = for all j £ J, i.e., w = 0. It 
follows that x Ab y = 0. Applying the above considerations to x Ab y = wc 
get that x Ab y = 0. 

Now, since x <t^b y and xAsy exists we have that x@ (yQ (x Ab y)) =x®y 
exists. It follows that x < (y)', i.e., x Ay < (y)' A y = 0. □ 
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Theorem 3.16. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra. Then every block B in E is a lattice. 

Proof. Let B be a block and y,z G B. Then by Corollary 13.111 y = y$ © j/m, 
z = z s ® z M , ys, zs G B n S(£), ?/m, Zm G 5 n M(E). Let us put c = (y s A B 
z s) © (vs^bZm) © (zs^bUm) © {vm^bZm) & B. Note that all the summands 
of c exist in virtue of Statement 11.101 (i) and Propositions 13.101 13.141 Then 
clearly c is well defined since by Statement lLlO) (i) (ys As zs) © ( z s Ab J/j/) = 
zs A B (ys © Vm) < z s and by Statement 11.101 (ii) z M = z M Ab (ys © ys') = 
(zm A B ys) © (zm A B ys') > (zm A b ys) © (zm A b Dm)- Therefore also c< z 
and by a symmetric argument we get that c < y. Hence c < y, z. 

Let us show that c = y Ab z. Assume now that v < y, z, v G B. 

By the Riesz decomposition property of B there are elements v\ , i>2 G B 
such that v\ < ys, V2 < Vm and v = v\ © vi < z. Again by the Riesz 
decomposition property we can find elements un, v\i, V21, «22 G B such that 
«ii < z s , v u < z M , v 2 i < z s , v 2 2 < z M and V\ = v n © «12, «2 = «21 © «22- 
Hence « = «n ® w i2 © v 2 i © w 2 2 < (ys A B z s ) © (j/s A B z M ) © (zs A B 2/m) © 
(VM A B z m )- 

Consequently, c is the infimum of y, z. This yields that B is a lattice. □ 

Corollary 3.17. Every block in a homogeneous orthocomplete effect algebra 
is an MV-algebra. 

Theorem 3.18. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra. Then E is Archimedean. 

Proof. In virtue of Proposition 12.71 it is sufficient to check that M(E) is 
Archimedean. Suppose ord(y) = oo. By Corollary 12. 13) ky < y for all k G N, 
and therefore (k - l)y = ky © y < y © y G M(E) for all k G N C {0}. Hence 
there exists \J{ky \ y G N} in M(E). By (IDL), y=0. □ 

Recall that a Heyting algebra (see [8]) is a system (L, <, 0, 1, A, V, =>) con- 
sisting of a bounded lattice (L, <, 0, 1, A, V) and a binary operation =>: L x L — > 
L, called the Heyting implication connective, such that xAy < z iff x < (y => z) 
for all x,y,z G L. The Heyting negation mapping * : L — > L is defined by 
x* = (x 0) for all ieL. The set L* = {x* x G L} is called the Heyting 
center of L. 

A pseudocomplementation on a bounded lattice (£, <, 0, 1, A, V) is a map- 
ping * : L — > L such that, for all x, y G L, x A y = iff a; < y*. Then, for a 
Heyting algebra L, the Heyting negation is a pseudocomplementation on L. 

Definition 3.19. [8j A Heyting effect algebra is a lattice effect algebra E that, 
as a bounded lattice, is also a Heyting algebra such that the Heyting center 
E* coincides with the center C(E) of the effect algebra E. 

Statement 3.20. [8] Theorem 5.2] Let E be a lattice effect algebra. Then 
the following conditions are equivalent: 
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(i) E is a Heyting effect algebra. 

(ii) E is an MV-cffect algebra with a pseudocomplementation *:£'—!> 
E. 

Theorem 3.21. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra. Then every block in E is an Archimedean Heyting effect 
algebra. 

Proof. Let B be a block of E. Then by Theorems l3.16l and l3.18l we have that B 
is an Archimedean MV-cffect algebra. Let us define a pseudocomplementation 
* : B — > B on B. For any x G B we put x* = x' G C(B). Assume that 
x,y G B. Then by Proposition 13.151 x Ab y = iff x Ab y = iff x < y' 
iff % < y* G S(E) iff x < y*. Therefore B is an Archimedean Heyting effect 
algebra. □ 

Corollary 3.22. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra. Then E can be covered by Archimedean Heyting effect 
algebras. 

Proof. Every homogeneous effect algebra is covered by its blocks. □ 

Proposition 3.23. Let E be a homogeneous meager- orthocomplete shai~ply 
dominating effect algebra and let x, y G M(E) and v G E such that x, y and v 
are in the same block B of E. Then 

(i) We have that v Ay exists and v Ab y = v A y. 

(ii) Ifx = y then x G (x Ay) G M(E). 

(hi) Ifx = y then x Vy[(E) y exists and x Vm(e) y = x\/BlJ = x V[o,x] V- 

(iv) Ifx = y then x A y = x. 

(v) If x < v and v = vs © vm such that v$ G S(E) and % € M(E) 
then x = (x A Vs) © (x A Vm)- 

Proof. According to Proposition 13. 101 x,y G B. By Proposition 13. 141 x Ay = 
x Am(e) y exists and belongs to M(£7). In virtue of Corollary 13. Ill it belongs 
to B. 

(i) : Let u < v and u < y. Since u G [0, y] C B we have that u < v Ab y- 

(ii) : Since x, y G M.(E) we have that x Ay exists, x < x, y < x and hence 
also x Q (x A y) < x exists. Hence (x Q (x A y)) ® (x A y) = x. B contains 
0, x, y, x A y, x (x Ay), x. Let us put z = x Q (x Ay). Then z = z$ © Zm, 
z s G S(E) n B = C(B),z s < x and z M G M(E). Since z s is central in 
B we have that (x Q (x A y)) Ab z$) © ((x A y) As z$) = z$. From (i) we 
get that zs © {x A (y A z$)) = zs and z$ © (y A (x A z$)) = z$. Hence 
= x A (y A z s ) = y A (x A z s ). It follows from (i) that = x A (y A z s ) = 
y Azs = yA (xAzs) = xAzs- We have that z$ = z$ Ax = z$ Ab (x(B(xQx)) = 
(z s Abx)® (zs A b (x © x)) = z s A B (x © x) <xQx. Since xQx G M(E) we 
obtain that zs = and zm =xQ(xAy) G M(E). 
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(iii) : Since x © x, x 6 y £ M(E) we have by (ii) that x © ((x 9 x) A (x © y)) = 
x V[o.2] y £ M(E) exists. Let z > x,y, z £ M(E). Then u = z A (x V[ ,x] y) £ 
M(E) exists, u > x, y, u < x V[ ,£] y < x. Hence z > u > x V[ ,£] y. 

(iv) : Clearly, x Ay < x~A~y < x. This yields that xQx7\y < x©x Ay £ M(E), 
x x A y £ S(E). It follows that x © x A y = 0, i.e., x A y = x. 

(v) : Then vs £ C(B) and % e B. Hence a; = (i Ab wj) ® (i Ab ( v s)'), 
x Ab vs, x Ab (vs)' £ B. Moreover by (i) we have that x Ab vs — x A vs and 
xAb(vs)' = xA(vs)'- Evidently, xA(vs)' <v = Vs®vm- Since B has the Ricsz 
decomposition property we have that xA(vs)' = Mi0M2, < vs and U2 < 
But ui < x A (vs)' yields that u\ = 0. Hence x A (vs)' < vm- This yields that 
^A (vs)' = xA (vs)' Avm = xAvm- It follows that x = (x Avs) © (xAvm)- D 

The following theorem reminds us [H Theorem 37] which was formulated 
for D-lattices. 

Theorem 3.24. Let E be a homogeneous meager- orthocomplete sharply dom- 
inating effect algebra and let x,y £ M(E). Then the following conditions are 
equivalent: 

(i) x O- y. 

(ii) x ^m(e) y- 

(iii) x V M (_E) y exists and (x V M (B) y) y = x (x A y). 

Proof, (i) => (ii): Since x o y there are p,q,r £ E such that x = p © q, 
y = q r and p © q © r exists. Clearly, p,q < x and q, r < y. Hence 
q < xAy £ M(E). Moreover, x = (xQ(xAy))®(xAy), y = (yQ(xAy))®(xAy) 
and (xQ(xAyJ) © (x Ay) © (y© (x Ay)) exists since pffigffir = xffir exists and 
y © (x A y) <r = yQq. Let us put z = (x © (x A y)) © (x A y) © (y © (x A y)). 
Since E is sharply dominating we have that z — zs © Zm, zs £ S(E) and 
z M £ M(E). 

Since x y there is a block B of E such that a;, y, xAy, z, zs, zm £ B. Hence 
z s £ C(B) and therefore z s = z s A ((x © (x A y)) © (x A y) © (y © (x A y))) = 
((zsAx)Q((zsAx)A(zsAy)))®((zsAx)A(zsAy))®((zsAy)e((zsAx)A(z s Ay))). 
Let us put u = zs A x and v — zs A y. Then zs = (u © (u A v)) © (u A v) © 
(w © (u A v)), u, v £ M(E) n B, u, v £ B. 

Recall first that u = v = v © (u A v) = zs- This follows immediately from 
Statement (ii). 

Since (u (u A v)) A (v © (u A v)) = we have by [TH1 Proposition 3.4] that 
zs is the minimal upper bound of u and v. Therefore zs = u V[ 0l2s ] v. From 
Proposition 13.231 (iii) we have that u V[ 0jZS ] v £ M(E). Hence zs = and 
z = z M = (x 9 (x A y)) © (x A y) © (y © (x A y)) £ M(E), i.e., x O m(s) y. 
(ii) (iii): Assume that x <H>m(£) ?/> i-e., 2 = (x © (x A y)) ©m(_b) (' t A y) © 
(y © (x A y)) exists. Again by [19l Proposition 3.4] we have that z £ M(E) 
is the minimal upper bound of x and y. Let m £ NL(E) be an upper bound 
of x and y. Then m A z is an upper bound of x and y, m A z < z and hence 
m> m A z = z. It follows that (x Vm(b) y) © y = x © (x A y). 
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(iii) ==> (i): It is enough to put d = x A y and c = x Vm(e) V- Then d < x < c 
and d < y < c such that c x = y d, i.e., x <-> y. □ 

4. Triple Representation Theorem for orthocomplete 
homogeneous effect algebras 

In what follows E will be always a homogeneous meagcr-orthocomplctc 
sharply dominating effect algebra. Then S(E) is a sub-effect algebra of E 
and M(E) equipped with a partial operation ©m(B) which is defined, for all 
M(E), by x(Bm(e)V exists if and only if x®Ey exists and x(BeV € M(i?) 
in which case x ©m(_e) U = x ®e y is a generalized effect algebra. Moreover, we 
have a map h : S(E) —} 2 M ( £ ) that is given by h(s) = {x e M(E) \ x < s}. As 
in [13] for complete lattice effect algebras we will prove the following theorem. 

Triple Representation Theorem The triple ((S(E),® S (e)), (M(E'), 0m(b)), 
h) characterizes E up to isomorphism within the class of all homogeneous 
meager- orthocomplete sharply dominating effect algebras. 

We have to construct an isomorphic copy of the original effect algebra E 
from the triple (S(£'), M(£'), h). To do this we will first construct the following 
mappings in terms of the triple. 

(Ml) The mapping ~ : M(E) -> S(E). 

(M2) For every s € S(E), a partial mapping ir s : M(E) — > h(s), which is 
given by ir s (x) ~ x Ae s whenever ir s (x) is defined. 

(M3) The mapping R : M(E) —} M(E) given by R(x) =xQ E x. 

(M4) The partial mapping S : M(E) x M(E) -> S(E) given by S(x,y) is 
defined if and only if the set S(x,y) = {z G S(E) \ z A x and z A 
y exist, z = (z Ax) (Be (z Ay)} has a top element zq G §(x, y) in which 
case S(x, y) = zq. 

Since E is sharply dominating we have that, for all x G M(E), 
x = /\{s G S{E) | x G h{s)} = /\{se S{E) | x G h(s)}. 

E S(E) 

Lemma 4.1. Let E be a homogeneous meager- orthocomplete sharply domi- 
nating effect algebra, s G S(-E') and x G M(£'). Then 

(i) \J ' M/ E \{y G M(E) | y < x, y < s} exists. Moreover, if x Ae s exists 
then x Ae s G M(E) and 

xA E s = \J{y eE\y<x,y<s}= \J {y G M{E) \y<x,y< s}. 

E M(E) 

(ii) If x <-> s then x Ae s exists and 

x A E s= \J {ye M(E) \y<x,y< s}. 

M(E) 
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Proof, (i): Note that {y £ M(E) | y < x,y < s} C [0,x\. Since from Propo- 
sition [342] we have that [0,x] is a complete MV-effect algebra we get that 
z = \/[o x ]{y £ M(E) I y < x,y < s} exists. Let us show that z — \/u(E){y e 
M(J3) I y < x,y < s}. Let m 6 M(E) such that m is an upper bound 
of the set {y £ M(E) \ y < x,y < s}. Since m Ae z £ M(S) exists and 
m Ae z £ [0, x] is an upper bound of the set {y £ M(E) \ y < x, y < s} we 
have that z < m Ae z < m. 

Now, assume that x Ae s exists and let us check that x Ae s = z. Clearly, 
x Ae s = V E {y ^ E \ y < x,y < s} e M(E), i.e., y < x Ae s < z for all 
y £ M(E) such that y < x and y < s. This yields x Ae s = z. 
(ii): By Statement 12.31 (e) there is some block B of E such that x, s £ B. 
Hence s £ C(B) by Statement 12-31 (g). This yields that iAj s £ B exists 
and since x Ab s < x we have that x Ab s £ M(E). ^From Corollary 13. 1 II we 
know that [0,x] B C B. Hence x f\ B s £ {y £ M(E) | y < x,y < s} C B and 
z £ B. This invokes that x Ab s < Then z Ab s £ B exists in B, z Ab s < x, 
z As s < s and, for all y £ M(i?) such that y < x and y < s, we have that 
y < z Ab s. Hence z<zAbs<s. Altogether z = x Ab s. Let us check that 
z = x Ae s. Assume that g £ E, g < s and g < x. Then g £ B and therefore 
g < x Ab s. It follows that z = iAes = i Ab s. □ 

Hence, for all s £ S(E) and for all x £ M(£'), we put z = \f M ( E ){y e 
M(-E) y < x,y £ /i(s)}- Then 7r s (x) is defined if z £ ft,(s) in which case 

7r s (x) = 2; = x Ae s = V E {y G E \ y < x,y < s} 

= MeIv £ I y < x,?/ £ ft(s)} = V A /(s){y e M(E) | y < x,y £ 

Now, let us construct the mapping i? as in [13] . 

Lemma 4.2. Let E be a homogeneous meager- orthocomplete sharply domi- 
nating effect algebra and let x £ M(L'). Then y — x Q x is i/ie okZt/ element 
such that 

(i) y £ M(L') smc/i f/iat y = x. 

(h) x© M(B )(ye M (£)(^Ay)) exists and x© M ( B) (y0 M (B) (xAy)) £ /i(x). 
(hi) Lor all z £ /i(x), z ©m(_b) x £ /i(x) i/ and only if z < y and 

y ©m(b) « = 5c- 

Proof. Let us prove that y = x G x satisfies (i)-(iii). By Statement 12.81 we get 
that (i) is satisfied. Evidently, x Ay exists and x © y = x. Invoking Theorem 
13.241 we obtain that x ©m(e) (y ©m(_e) ( x A y)) £ M(L'). Let z £ h(x) and 
assume that z ©m(_b) x G /i(x). Since z ©m(B) x = zffix<xffiy = xwc 
get that z < y. Moreover, (x (B z) (B (y Q z) = x yields again by Statement 
12.81 that yQz = x. Now, let z £ h(x), z < y and y Qm(e) z = x. Then 
x = x © y = x (y G z) © z = (x © z) © (y 9 z). Since y G z £ M(E) we have 
that x © z £ M(B). Hence z Gm(_e) x £ /i(x). 

Let us verify that y = x Q x is the only element satisfying (i)-(iii). Let 
the elements y\ and yi of E satisfy (i)-(iii) and y\ o 2/2- Let us put u = 
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V\ A y 2 . Then u — x by Proposition 13.231 (iv). By (ii) for 2/1 we know that 
x Vm(b) yi G M(E) exists. Since [0, a; Vm(_e) 2/i] is a complete lattice we have 
that x V[o, xVm(b)1/1 ] (2/1 A y 2 ) G M(E) exists. Hence also x V M (E) (yi A y 2 ) G 
M^) exists and x V [0!l v M(J!)W ] (2/1 A 2/2) =JE Vm(e) (2/1 A 2/2)- This yields 
that x <h> (yi A 2/2 ) and from Theorem 13.241 we get that x ®m{e) ((2/1 A 
2/2) e M (£) A (2/1 A 2/2))) exists and a; ffi M (£) ((j/i A 2/2) ©m(b) (x A (2/1 A 
2/2))) = x V M(B) (yi A y 2 ). Clearly, for any z G h(x), we have z © M (_E) x G 



iff (^z < yi and 2/1 ©m(_e) z = xj and < y 2 and 2/2 © 



M(_E) 



Z 



iff 



(by Proposition ^. 231 (iv)) ^2 < (2/1 A 2/2) and (2/1 A 2/2) ©m(B) z = x\. Hence 

11 = 1/1 A 2/2 satisfies (i)-(iii). Let us put t = y\ u. 

We will prove that, for all n 6 N, (rrf) ©m(b) £ G For n = the 

statement is true. Assume that the statement is valid for some n G N. Then 
by (iii) for u we have that nt < u and u Gm(_e) (nt) = 2?- Since u ® t = y% G 
M(£7) we get that (n + l)t is defined, (n + l)t < yi < x, u Qm(e) (nt) = 

2/i ©m(_e) ((n + l)t) and hence 2/1 &m(e) ((n + l)f) = x. By (iii) for y 1 we 
obtain that ((n + l)t) ®m(e) x G h(x). In particular, exists for all n G N. 
Since E 1 is Archimedean, i.e., t = and 2/1 A 2/2 = 2/i- This yields that 2/1 < 2/2 • 
Interchanging 2/1 with 2/2 we get that 2/2 < J/i, i-e., 2/1 =2/2- 

Now, let us assume that some 2/ satisfies (i)-(iii) and put j/i — y, y 2 — xQx. 
Since cc ©m(_e) (2/ ©m(_b) (xAy)) <x exists by (ii) we have that x -B- y and this 
yields that x <-> y. 

By [3l Theorem 36] we get that 2/1 = 2/ O (J0i) =2/2- Therefore 2/ = 
a; © x. □ 

What remains is the partial mapping S. Let x,y G M(-E). Note that by 
Statement [2751 (ii) and Lemmasl4Tlandl4~2l§(a;. y) = {z£ S(-E') | z = (zAx)®e 
(z A y)} = {z£ S(i?) I 7r z (a;) and 7r z (a;) are defined, z = n z (x) and R(n z (x)) — 
TT z (y)}. Hence whether S(x, y) is defined or not we are able to decide in terms 
of the triple. Since the eventual top element zq of B(x,y) is in S(E) our 
definition of S(x,y) is correct. 

Lemma 4.3. Let E be a homogeneous meager- orthocomplete sharply dominat- 
ing effect algebra, x, y G M(E). Then x®Ey exists in E iff S(x, y) is defined in 
terms of the triple (S(E),M(E),h) and (xQ M (E) (S(x, y) Ax)) ®m(e) (vQm(E) 
(S(x, y) A y)) exists in M(E) such that (x ©m(_b) (S(x, y) A x)) ©m(_e) (y ©m(_e) 
(S(x,y) A y)) G h(S(x,y)'). Moreover, in that case 

x ® E V = S(x, y) ® E ((x 9 M (e) (S(x, y) A x)) ® M (E) (y ©M(g) (S(x, y) A y)) ). 
eS(E) eM{E) 

Proof. Assume first that x (Be y exists in E and let us put z = x ®e V- Since 
E is sharply dominating we have that z = z$ Oe %m such that z$ G S(E) and 
zm G M(E). Since x ^ y by Statement 12.31 (e) there is a block B of E such 
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that x,y,z £ B. By Statement 12.111 (i) we obtain that zg, zm £ B. Therefore 
zs £ C(B) and by Statement I1.10[ (i) we have that z$ = z$ A (x (Be y) = 
z s A(x® B y) = {zsA B x)(B B {zsA B y) = {z s Ax)@ E {z s Ay). Hence z s £ §(x,y). 
Now, assume that u £ §(x, y). Then u = (u A x) (Be (u A y) < x (Be V- Since 
u £ S(E) we have that u < zs, i.e., z$ is the top element of 2>(x, y). Moreover, 
we have 

zs ®e zm = x<B E y 

(S(x, y) A x) (Be {x Qe (S(x, y) A x))\® E 

((S(x, y) A y)) (Be (y e E (S(x, y) A y)) 

= S(x, y) <Be ((x ©m(e) (S(x, y) A x)) ® E (y ©m(b) (S(x, y) A y)) 

It follows that z M = (xGm(e) {S(x,y) Ax)) (Be (y ©m(£) (S(x,y) Ay)), i.e., 
zm = (x 9m(e) (S(x,y) A x)) ® M (e) (y ®m(e) (S(x,y) A y)) and evidently 
zm £ h(z' s ). 

Conversely, let us assume that S(x, y) is defined in terms of (S(E),M(E), h), 
(x Qm(e) (S(x,y) A x)) ©m(s) (y ©m(£) (S(x,y) A y)) exists in M(E) and 
(x G M (E) (S(x,y) A x)) (Bm(e) (y 9m(e) (S(x,y) A y)) £ h(S(x,y)'). Then 
(x e M (E) (S(x, y) A x)) ©m(b) (y Qm(e) (S(x, y) A y)) < S(x, y)', i.e., 



z = S{x, y) (Be [(x 9m(e) {S(x, y) A x)) © M (b) (y ©m(e) (S(x, y) A y)) 

= ((S(x, y) A x) (Be {S(x, y) A y))® E 

(x Q E (S(x, y) A x)) ® E (y &e (S(x, y) A y))^j = x® E y 

is defined. □ 

Theorem 4.4. Let E be a homogeneous meager- orthocomplete sharply domi- 
nating effect algebra. Let T(E) be a subset of S(E) x M(E) given by 

T{E) = {(z s ,z M ) £ S(E) x M{E) \ z M £ h(z' s )}. 

Equip T(E) with a partial binary operation ©t(_e) with (xs,Xm)®t(e) (ys, 2/m) 
is defined if and only if 

(i) S(x m ,Vm) is defined, 

(ii) z s = x s ®s(E) ys ®s(E) S(x m ,Vm) is defined, 

(iii) z M = (xm ©m(_e) {S{x m ,Vm) Ax m )) ®m(e) {vm ©m(b) (S(xm,Vm) A 
j/m)) is defined, 

(iv) z M £ h(z' s ). 

In this case (z s ,z M ) = (x s ,x M ) ®t{e) 2/ju)- Let T (e) = (®e,0e) and 
1t(b) = (1e,0e)- Then T(E) = {T(E), ® T ( E ), T (e), 1t(B)) is an effect al- 
gebra and the mapping ip : E — s> T(£?) given by (p(x) = (x, x Qe x) is an 
isomorphism of effect algebras. 
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Proof. Evidently, <p is correctly defined since, for any x G E, we have that 
x = x (Be (x Q x) = xs ® e xm, xs G S(E) and xm G M(i5). Hence p(x) = 
(is,si/) G S(-E') x M(E) and Xm G h(x' s ). Let us check that ip is bijective. 
Assume first that x 7 y £ E such that y(x) = <p(y). We have x = x®e(x®ex) = 
V ®e (y Qe y) = V- Hence <p is injective. Let (xs,xm) G S(E) x M(E) and 
Xm G h{x' s ). This yields that x = Qe xm exists and evidently by Lemma 
2.91 (i) x — xs and x Qe x = Xm- It follows that <p is surjective. Moreover, 
<p(0e) = (Ob,0_e) = T (E) and (p(l E ) = (Is, Ob) = 1 T (E)- 

Now, let us check that, for all x,y G E, x®Ey is defined iff f{x) Qt(e) <fi(y) 
is defined in which case tp{x Qe y) = <p(x) ©t(e) f(y)- For any x,y, z G E we 
obtain 



z = x Qe y 

z= (xq e (xq e x)) q e (yQ E (ye E y)) 
z = (xQ E y)® E ({xQ E x)QE(yQEy)) 
by Lemma 14.31 (Bit G E) u = S(x Qe x, y Qe y) and 

z = {xQ E y) Qe (uQe{{.xQ e x) Q e (u A (x Q E x))) 

®e((v ®e y)® E (uA (y Q E y)))j 
-t==^ (3u G E) u = S(xQEX,yQEy) and 
z = (xQ E yQEu)Q E (((x Q E x) Q e (uA(xQ e x))) 

®e ((y ®e y) ®e (u A (y Q E y)))j 

(3u G E) u = S(xQEX,yQEy) and 
z = (xQs(E) y®s(E)u) 

®e (((xQex)Qm(e)(uA(xQex))) 

®m(e) ((y ®e y) ®m(e) (u A (y ® E y)))j 
(x, x Qe x) ©t(£) (y,y ®Ey) is defined and 
tp(z)=(x ® S{E ) y®s(E) S{x Q E x,yQ E y), ({x Q E x)Q 
(S(x Q E x, y Q E y)A(x Q E x))) Q M (E) {(y ®e y) 
Q(S{x Qe x, y Qe y) A (y Q E SO))) 

=(x, x q e x) q T (e) {y, y®Ey) = <p{x) q T (e) <p(y)- 



Altogether, T(E) = (T(E),® T r E \,0 T ( E \, 1t(e)) is an effect algebra and the 
mapping ip : E — > T(E) is an isomorphism of effect algebras. □ 



The Triple Representation Theorem then follows immediately. 
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Remark 4.5. Recall that our method may be also used in the case of com- 
plete lattice effect algebras as a substitute of the method from [13]. More- 
over, since any homogeneous orthocomplcte effect algebra E is both meager- 
orthocompletc and sharply dominating the Triple Representation Theorem is 
valid within the class of homogeneous orthocomplcte effect algebras which was 
an open question asked by Jenca in |13j . 
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